Introduction {#Sec1}
============

The two-stage stochastic Steiner tree problem with complete recourse (SSTP) is a generalization of the well-studied (deterministic) Steiner tree problem (STP), with applications in telecommunication network design under uncertainty. The problem has been introduced by Gupta et al. \[[@CR14]\] and subsequently, algorithms based on fixed-parameter tractability \[[@CR23]\], heuristics \[[@CR19]\], and exact methods \[[@CR2], [@CR27]\] have been proposed. Moreover, approximation algorithms for several variants of the problem have been studied \[[@CR15]--[@CR17], [@CR36]\].

Recall that in the classical (deterministic) STP on graphs, one is given an edge-weighted graph with a set of *terminals* that need to be connected at minimum cost (see, e.g., \[[@CR20]\]). As illustrated in \[[@CR27]\], in the SSTP (and in stochastic network design problems, in general), both the set of terminals and the edge-weights can be subject to uncertainty. In that case, network planners want to establish profitable connections now (in the *first stage*) while taking possible uncertain outcomes into account. Usually, the set of uncertain outcomes is approximated through a set of possible *scenarios*, with a known probability of occurrence. In the *second stage*, the actual scenario is revealed (i.e., the set of terminals and edge-weights become known), and additional connections can be purchased (through so-called *recourse* actions) to create a feasible Steiner tree. The objective is to minimize the *expected cost* of the solution, i.e., the sum of the first-stage cost plus the expected cost of the second stage.

The SSTP is formally defined as follows.

Definition 1 {#FPar1}
------------

(*Stochastic Steiner tree problem (SSTP)*) Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G=(V,E)$$\end{document}$ be an undirected graph with root node $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r\in V$$\end{document}$, first-stage edge costs $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c^0\,{:}\,E \mapsto \mathbb {R}_{\ge 0}$$\end{document}$ and scenario set *K*. Each scenario $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k \in K$$\end{document}$ has probability $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p^k\in (0,1], \sum _{k\in K} p^k = 1$$\end{document}$, as well as second-stage edge costs $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c^k\,{:}\,E \mapsto \mathbb {R}_{\ge 0}$$\end{document}$ and terminals $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T^k\subseteq V, r \in T^k$$\end{document}$. The objective is to select first-stage edges $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_S^0\subseteq E$$\end{document}$ and second-stage edges $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_S^k\subseteq E$$\end{document}$ for each $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k\in K$$\end{document}$ such that the subgraph induced by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_S^0\cup E_S^k, G[E_S^0\cup E_S^k]$$\end{document}$, connects $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T^k$$\end{document}$ and the expected cost$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sum _{e \in E_S^0} c^0_e + \sum _{k \in K} p^k \sum _{e \in E_S^k} c^k_e \end{aligned}$$\end{document}$$is minimized.

*Our contribution*

For the deterministic STP a wealth of theoretical results \[[@CR6], [@CR11], [@CR20], [@CR29]\] and empirically successful computational techniques are known \[[@CR8], [@CR10], [@CR31]\]. However, as noted in \[[@CR2], [@CR27]\], the generalization of results from the STP to the SSTP is not straightforward. In this article we first provide a new integer linear programming (ILP) formulation for the SSTP and show that it is the strongest (in terms of the quality of linear relaxation bounds) among existing formulations. Moreover, we show how the new formulation allows the simple derivation of procedures for computing lower bounds. Overall, we study three such procedures for the SSTP, namely dual ascent, Lagrangian relaxation, and Benders decomposition. The dual information provided by each of these methods is exploited in a common algorithmic framework. This results in a powerful primal--dual method in which the calculation of upper and lower bounds is combined with variable fixing for decreasing the size of the search space.

The effectiveness of our method is demonstrated in an extensive computational study on benchmark instances from the literature, and on large-scale telecommunication networks. We compare our method with the state-of-the-art exact approach from \[[@CR2], [@CR27]\], which employs a Benders decomposition based on two-stage branch-and-cut (B&C), and a genetic algorithm from \[[@CR19]\], introduced during the DIMACS implementation challenge on Steiner trees. Our results indicate that the presented method significantly outperforms the alternative approaches from the literature, both in terms of computing times, and the quality of obtained solutions.

*Outline*

In the remainder of this section, notation is introduced and related work is discussed. In Sect. [2](#Sec3){ref-type="sec"}, a new ILP formulation for the SSTP is presented and its strength is compared to the previously strongest formulation. Moreover, strengthening inequalities are analyzed. In Sect. [3](#Sec7){ref-type="sec"}, an algorithmic framework is described which combines a dual ascent procedure, a Lagrangian heuristic, Benders decomposition, and variable fixing. In Sect. [4](#Sec13){ref-type="sec"}, computational results are presented, while concluding remarks are drawn in Sect. [5](#Sec18){ref-type="sec"}.
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Related works {#Sec2}
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An algorithm based on fixed-parameter tractability has been introduced in \[[@CR23]\], and a genetic algorithm in \[[@CR19]\]. The only exact method we are aware of is a two-stage B&C approach based on Benders decomposition, which has been originally proposed in \[[@CR2]\]. Very recently, the study of a generalization of the SSTP, namely the stochastic survivable network design problem, along with a more sophisticated implementation, has been given in \[[@CR27]\].
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In the following, we develop a new ILP formulation that explicitly takes advantage of the flow-balance constraints and whose lower bounds dominate those of all known models from the literature.

A new ILP formulation {#Sec3}
=====================

Our new formulation, in which inequalities similar to (FB) hold, is derived on the basis of $\documentclass[12pt]{minimal}
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In the following, we focus on the strength of the LP relaxation bound of $\documentclass[12pt]{minimal}
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### Definition 2 {#FPar2}
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                \begin{document}$$\begin{aligned}&\varphi : (\tilde{\mathbf{x}},\tilde{\mathbf{y}})\in \mathbb {R}^{|E|+|A||K|} \mapsto (\hat{\mathbf{x}},\hat{\mathbf{w}},\hat{\mathbf{z}}) \in \mathbb {R}^{|E|+2|A||K|}\nonumber \\&\varphi (\tilde{\mathbf{x}},\tilde{\mathbf{y}}):{\left\{ \begin{array}{ll} \hat{x}_e:=\tilde{x}_e &{}\quad \forall e \in E\\ \hat{z}^k_{ij}:=\tilde{y}^k_{ij}-\tilde{\alpha }^k_{ij} \tilde{x}_e &{}\quad \forall (i,j) \in A, e=\{i,j\},\quad \forall k \in K \\ \hat{w}^k_{ij}:=\tilde{\alpha }^k_{ij}\tilde{x}_e &{}\quad \forall (i,j) \in A, e=\{i,j\},\quad \forall k \in K \\ \end{array}\right. } \nonumber \\&\psi : (\hat{\mathbf{x}},\hat{\mathbf{z}},\hat{\mathbf{w}}) \in \mathbb {R}^{|E|+2|A||K|} \mapsto (\tilde{\mathbf{x}},\tilde{\mathbf{y}}) \in \mathbb {R}^{|E|+|A||K|} \nonumber \\&\psi (\hat{\mathbf{x}},\hat{\mathbf{z}},\hat{\mathbf{w}}):{\left\{ \begin{array}{ll} \tilde{x}_e:=\hat{x}_e &{}\quad \forall e \in E\\ \tilde{y}^k_{ij}:=\hat{z}^k_{ij}+\hat{w}^k_{ij}+\frac{1}{2} \left( \hat{x}_{e} - \hat{w}^k_{ij} - \hat{w}^k_{ji}\right) &{}\quad \forall (i,j) \in A, e=\{i,j\},\,\, \forall k \in K \nonumber \\ \end{array}\right. } \end{aligned}$$\end{document}$$

The value of a formulation is denoted by $\documentclass[12pt]{minimal}
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### Theorem 1 {#FPar3}
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### Proof {#FPar4}
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Flow-balance constraints {#Sec5}
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Figures [2](#Fig2){ref-type="fig"}, [3](#Fig3){ref-type="fig"} and [4](#Fig4){ref-type="fig"} show optimal LP solutions to the instance from Fig. [1](#Fig1){ref-type="fig"} for different formulations. Each solution is displayed in three separate subfigures, one for the first stage and two for the second stage, one for each scenario. An edge/arc is omitted if the LP value of the associated variable is 0. Otherwise, if the LP value is 0.5 or 1, it is drawn dashed or solid, respectively. When displaying LP solutions for $\documentclass[12pt]{minimal}
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### Theorem 2 {#FPar5}
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### Theorem 3 {#FPar7}
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### Theorem 4 {#FPar9}
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### Proof {#FPar10}
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Fig. 5Integral optimal LP solution to $\documentclass[12pt]{minimal}
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In summary, one can observe that in case no first-stage edges are chosen, (SDC$\documentclass[12pt]{minimal}
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Hierarchy of formulations {#Sec6}
-------------------------

The theoretical results of this section are summarized in Fig. [6](#Fig6){ref-type="fig"}, in which we augment the recent findings from \[[@CR41]\] with our new results. For the sake of brevity, some of the formulations from this hierarchy are not shown in this article. These are: $\documentclass[12pt]{minimal}
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Algorithmic framework {#Sec7}
=====================

Given the results of Sect. [2](#Sec3){ref-type="sec"}, we decided to build our algorithmic framework based on formulation $\documentclass[12pt]{minimal}
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                \begin{document}$$(\text {SDC}_3^{\text {FB}})$$\end{document}$. It is well-known that the size of two-stage stochastic optimization models becomes prohibitive for a large number of scenarios. Hence, in order to develop a computationally competitive approach, naturally one has to rely on a decomposition framework.

Two types of decomposition techniques are commonly employed for this task: Benders decomposition (see, e.g., \[[@CR1], [@CR5]\]) and Lagrangian relaxation (see, e.g., \[[@CR9], [@CR39]\]). These two approaches can be seen as dual to each other \[[@CR32], [@CR33]\], as the former decomposes the problem by stage, while the latter decomposes by scenario. Naturally, both of them can be used as stand-alone procedures for solving a large-scale stochastic optimization problem. However, using both Lagrangian and Benders decomposition in a combined framework opens up further possibilities to obtain the benefits of both procedures, as the problem at hand can be attacked from multiple angles, in order to exploit different types of problem-structures \[[@CR38]\].

Thus our framework combines these two decomposition approaches. Furthermore, due to similarities between the SSTP and its deterministic variant, a third option for computing lower bounds appears promising: a dual ascent procedure, which constructs an initial dual solution in a greedy scheme (see \[[@CR28], [@CR30], [@CR40]\]). For the STP and its variants, such procedures are known empirically to obtain high quality bounds, which in some cases are even tight enough to solve the corresponding problem to optimality in a branch-and-bound (B&B) procedure \[[@CR26], [@CR28], [@CR31]\]. In the framework proposed in this article, we chose the configuration of these three techniques as shown in Fig. [7](#Fig7){ref-type="fig"}.Fig. 7Algorithmic framework

The central component of our approach is a Lagrangian-based heuristic that computes valid lower and upper bounds and performs variable fixing based on the dual information. This Lagrangian procedure is warm-started by a dual ascent heuristic (specifically derived for the SSTP). Finally, an additional refinement of the computed lower bound is performed by a Benders decomposition framework (actually, a two-stage B&C similar to the one proposed in \[[@CR2], [@CR27]\]).

Note that the chosen sequence of execution is a natural one, as the methods are arranged based on the computational complexity (see Sects. [3.1](#Sec8){ref-type="sec"}--[3.3](#Sec11){ref-type="sec"} for details). The communication between each distinct phase is performed by passing on primal and dual solutions. Most importantly, the dual solution computed by the dual ascent procedure is used as an initial set of Lagrange dual multipliers to warm-start a subgradient algorithm. Similarly, a subset of all computed Lagrangian dual solutions is used to generate valid cutting planes, which are then used to initialize the two-stage B&C procedure.
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                \begin{document}$$(\text {SDC}_3)$$\end{document}$, we found it beneficial to only make use of the flow-balance constraints in the final refinement phase. The main reason is that in our implementation, up to this point we focus mainly on the use of fast dual heuristics, in which the inclusion of such constraints is a non-trivial aspect. Even in state-of-the-art algorithmics frameworks for the STP, their inclusion is usually avoided \[[@CR28], [@CR31]\] for simplicity reasons. Furthermore, the tighter bounds provided by $\documentclass[12pt]{minimal}
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                \begin{document}$$(\text {SDC}_3^{\text {FB}})$$\end{document}$ are mainly useful when attempting to solve the instance to optimality, i.e., in the refinement phase.

In the remainder of this section we provide the algorithmic and implementational details of this new method.

Lagrangian relaxation and reduced cost fixing {#Sec8}
---------------------------------------------

The Lagrangian relaxation of model $\documentclass[12pt]{minimal}
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                \begin{document}$$(\text {SDC}_3)$$\end{document}$ is obtained by relaxing constraints (SDC~3~:2) and adding them to the objective function as penalty terms. The associated set of non-negative *Lagrangian dual multipliers* is denoted by $\documentclass[12pt]{minimal}
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After rearranging the terms in the objective function and moreover defining the *Lagrangian cost* as $\documentclass[12pt]{minimal}
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The *Lagrangian dual problem*, which corresponds to finding the best lower bound, is then stated as:$$\documentclass[12pt]{minimal}
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### Variable fixing based on reduced costs {#Sec9}

Variable fixing based on reduced costs is an indispensable tool in many modern primal--dual solution frameworks \[[@CR26], [@CR31]\]. In this section we address conditions under which first- and second-stage variables of $\documentclass[12pt]{minimal}
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Additional incurred reduced cost can be inferred based on well-known arguments for the SAP. By minimality, each arc $\documentclass[12pt]{minimal}
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#### Proof {#FPar14}

The correctness of the given statements follows from the discussions in the previous paragraphs. Moreover, conditions ([8](#Equ8){ref-type=""}) and ([9](#Equ9){ref-type=""}) exploit the fact that if $\documentclass[12pt]{minimal}
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Conditions ([8](#Equ8){ref-type=""}) and ([9](#Equ9){ref-type=""}) consider only one scenario at a time. Consequently, they can be strengthened based on the property that in an optimal solution, in almost all cases, a first-stage edge needs to to be used in multiple scenarios in order to pay off. More formally, if $\documentclass[12pt]{minimal}
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#### Proposition 2 {#FPar15}
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#### Proof {#FPar16}
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In order to compute all required shortest paths, for each scenario we need two executions of Dijkstra's algorithm using reduced cost $\documentclass[12pt]{minimal}
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Warmstart using dual ascent {#Sec10}
---------------------------

In order to accelerate the convergence of a Lagrangian-based decomposition approach, in some cases it is essential to initialize the procedure with a suitable choice of Lagrangian dual multipliers (see, e.g., \[[@CR12], [@CR13]\] for details on the relationship between dual ascent methods and Lagrangian relaxation). To this end, we propose to run an alternative dual-based approach, namely, a dual ascent procedure. The major benefits of this procedure are: (i) the obtained dual solution $\documentclass[12pt]{minimal}
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The STP admits the heuristic computation of LP relaxation bounds via the dual ascent procedure by Wong \[[@CR40]\]. Although this type of method does not provide tight guarantees on the quality of the computed lower bound, empirically, the bound is usually quite close to the optimum.

Using an appropriate model as a starting point, this approach can be extended seamlessly to the SSTP. Let $\documentclass[12pt]{minimal}
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The dual can be simplified into a *condensed dual* $\documentclass[12pt]{minimal}
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Algorithm 1 lists the pseudocode of our dual ascent procedure that computes a heuristic solution to $\documentclass[12pt]{minimal}
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The stated properties can be represented in terms of subgraphs. Let the *saturation graph* per scenario $\documentclass[12pt]{minimal}
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In each iteration, an active terminal *i* and scenario *k* is chosen in Step 3 (chooseActiveTerminal). Next, the set $\documentclass[12pt]{minimal}
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Further details (e.g., in which order to choose active terminals) follow closely dual ascent procedures for the STP (see, e.g., \[[@CR28]\]), and are thus omitted. The following propositions state basic properties of Algorithm 1.

### Proposition 3 {#FPar17}
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### Proof {#FPar18}
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### Proposition 4 {#FPar19}

The worst-case time complexity of Algorithm [1](#Sec10){ref-type="sec"} is $\documentclass[12pt]{minimal}
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### Proof {#FPar20}
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Refinement by applying Benders decomposition {#Sec11}
--------------------------------------------

In this section a Benders decomposition based on $\documentclass[12pt]{minimal}
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As the recourse function is neither convex or continuous, dynamically separated fractional and integral Benders optimality cuts are used in order to underestimate the value of $\documentclass[12pt]{minimal}
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Our implementation of this Benders decomposition approach is as follows: a branch-and-cut is employed to solve the master problem. Each time a new fractional master solution is found, Fractional Benders optimality cuts are added to the master. Each time an integer master solution is found, Integer Benders optimality cuts are inserted. Separation of these Benders cuts requires another cutting plane procedure (for separating fractional points) and a branch-and-cut procedure (for separating integer ones), which is why the method is called two-stage B&C (see \[[@CR2], [@CR27]\] for further details).

*Integer Benders optimality cuts*
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*Fractional Benders optimality cuts*

For the purpose of cutting off fractional solutions $\documentclass[12pt]{minimal}
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In our framework the computation of $\documentclass[12pt]{minimal}
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*Lagrangian Benders optimality cuts*

A large number of optimality cuts may form a potential bottleneck of the Benders decomposition approach. Especially at the beginning to the procedure, a large number of cutting planes may be separated due to little information on the original problem being presented in the master. A possible solution to this situation is the generation of an initial set of Benders optimality cuts using a set of high-quality dual solutions collected by the Lagrangian approach detailed in Sect. [3.1](#Sec8){ref-type="sec"}.

For this purpose, first observe that the Benders optimality cuts derived from suboptimal solutions to (D:1)--(D:1)--(D:4) are also valid. Consider for any $\documentclass[12pt]{minimal}
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Overall framework {#Sec12}
-----------------

In this section we present further details of our algorithmic framework that combines the introduced approaches into an effective method. To efficiently attack large-scale instances, we focus on the development of a purely combinatorial Lagrangian heuristic framework. If the size of an instance allows, only in the refinement phase we invoke a state-of-the-art ILP solver. The main strategy is to initially apply "light-weight" methods, i.e., those of low worst-case runtime complexity. Thus we obtain iteratively improved primal and dual solutions, as well as their associated bounds. Using these, we can fix redundant parts of the instance early on (Sect. [3.1.1](#Sec9){ref-type="sec"}) before applying a more "heavy-weight" technique, i.e., the Benders decomposition approach detailed in Sect. [3.3](#Sec11){ref-type="sec"}.

With the aim to keep the Lagrangian relaxation approach from Sect. [3.1](#Sec8){ref-type="sec"} "light-weight", we resort to the approximation of subproblems, $\documentclass[12pt]{minimal}
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                \begin{document}$$L^k(\bar{\varvec{\lambda }})$$\end{document}$, by fast primal and dual heuristics for the STP/SAP \[[@CR8], [@CR37], [@CR40]\] in the employed subgradient optimization procedure. This is an attractive option, since for any $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf {x}$$\end{document}$. Preliminary experiments have shown that such cases tend to occur rarely, and are solved exactly in our framework in order to guarantee termination of the B&B procedure. A pseudocode of the full framework is given by Algorithm 2. We proceed by explaining the used primal heuristics, and then discuss each phase of the framework separately.

*Primal heuristics*

Two complementary procedures are used for obtaining high-quality primal solutions. In both of them solution construction is decomposed by stage.*First-stage-based heuristic* The first procedure exploits the fact that given a feasible first-stage solution $\documentclass[12pt]{minimal}
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                \begin{document}$$\bar{x}_e\ge 0.5$$\end{document}$, the variable is set to one, otherwise to zero. This scheme is potentially time-consuming, as even after fixing the first stage \|*K*\| instances of an NP-hard problem remain to be solved. Thus the next scheme details a computationally cheaper approach.*Second-stage-based heuristic* In the second construction procedure, we exploit the fact that in the employed subgradient optimization algorithm, for each $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k \in K$$\end{document}$, a heuristic Steiner arborescence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A^k\subseteq A$$\end{document}$ is constructed as solution to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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*Additional variable fixing*

The STP offers a large arsenal of reduction tests, which allow the transformation of a problem instance into a smaller instance if specific conditions are satisfied. The simplest transformation corresponds to the elimination of edges. The following two simple tests can be easily translated from their STP counterparts \[[@CR7]\] into fixing variables of $\documentclass[12pt]{minimal}
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                \begin{document}$$\kappa :=20$$\end{document}$ and the iteration limit to 250.*Refinement (Benders decomposition)* In Step 34, the two-stage B&C based on Benders decomposition is started (refinement). We initialize this final step using the incumbent solution *S* and the Lagrangian optimality cuts collected in *CutPool*. Similarly, we initialize the Benders subproblems using a set of connectivity cuts, which we derived from the SAP dual ascent algorithm (see, e.g., \[[@CR31]\]).Moreover, whenever a subproblem is solved, all separated connectivity cuts remain valid for any given first-stage vector. Thus these inequalities are also used to initialize all subsequent iterations. In addition to the separation of connectivity cuts, we also chose to separate the strengthening flow-balance inequalities (SDC$\documentclass[12pt]{minimal}
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Computational results {#Sec13}
=====================

All algorithms have been implemented in C$\documentclass[12pt]{minimal}
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                \begin{document}$$++$$\end{document}$. Recall that the subgradient procedure is a combinatorial approach, and that only for the Benders decomposition part, CPLEX 12.7 is used as a ILP solver. Tests have been performed single-threaded on an Intel Xeon CPU E5-2670v2 (2.5 GHz). On each test run a time limit of 1 h and a memory limit of 6 GB is set. The performance evaluation is conducted on instances from the SSTPLib \[[@CR34]\], which are part of the benchmark set employed during the 11th DIMACS implementation challenge on Steiner trees \[[@CR19], [@CR35]\]. These instances have been generated from STP instances available in the SteinLib \[[@CR2], [@CR22]\]. Moreover, based on the same scheme we have generated new large-scale benchmark instances from real-world STP instances \[[@CR25]\] which have also been used during the challenge. The graphs in these instances have been generated from spatial data for the design of infrastructure networks. We restrict ourselves to the ten smallest instances from this dataset ("vienna-i-simple"), which already exceed the size of previous instances significantly. The new dataset is referred to as VIENNA and made available online at <https://msinnl.github.io/pages/sstp.html> (detailed results for each instance are also availabe). The average characteristics of all benchmark instances are listed in Table [1](#Tab1){ref-type="table"}.
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                \begin{document}$$400,500,750,1000\}$$\end{document}$. For VIENNA, only instances with up to 50 scenarios have been created due to their large size. For performance plots instances are aggregated into a group of small instances $\documentclass[12pt]{minimal}
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In each table reported in the remainder of this section, columns *t* \[s\] and $\documentclass[12pt]{minimal}
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                \begin{document}$$t_b$$\end{document}$ \[s\] denote the running time and the time at which the best solution has been found in seconds. Columns *inst*\[\#\] and *solv*\[\#\] denote the number of instances in a given group and the number of instances solved to optimality, respectively. Columns *g* \[%\] and *Pg* \[%\] denote the relative optimality and primal gap, computed as *g* \[%\]$\documentclass[12pt]{minimal}
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We begin our computational study by analyzing the contributions of the proposed components of the Lagrangian decomposition framework. Once their effectiveness has been established, we compare the performance of the total framework with state-of-the-art exact and heuristic solution methods given in \[[@CR2], [@CR19], [@CR27]\], respectively.

Effects of the dual ascent initialization {#Sec14}
-----------------------------------------

We first analyze the benefits of initializing the subgradient algorithm (see Sect. [3.4](#Sec12){ref-type="sec"}) with the dual solution computed by the dual ascent procedure (see Sect. [3.2](#Sec10){ref-type="sec"}). For this purpose, both the variable fixing based on reduced cost and reduction tests (see Sects. [3.1.1](#Sec9){ref-type="sec"} and [3.4](#Sec12){ref-type="sec"}), as well as the refinement (see Sect. [3.3](#Sec11){ref-type="sec"}) have been deactivated.

The following two settings are compared:L: This is a basic subgradient procedure in which an initial set of multipliers is computed as $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda ^k_e=p^kc^k_e, e \in E, k \in K$$\end{document}$, which corresponds to no first-stage edge being selected. In this setting the SSTP dual ascent is not executed during the initialization phase, the initial primal solution *S* is computed only using the first-stage-based heuristic (i.e., Step 3 of Algorithm 2 is hence skipped due to no saturation graphs being available).DL: In this setting the SSTP dual ascent is executed as specified in the overall framework (Algorithm 2) and the the subgradient algorithm is started from the computed dual multipliers.Figure [8](#Fig8){ref-type="fig"} reports the optimality gaps obtained by the two settings after the 1-h time limit. In the two cumulative charts (one per group), we report the percentage of instances solved within a certain optimality gap. One observes that this warm-starting has a significant impact on the performance of the subgradient procedure, both on small and large-scale instances. The effect is particularly pronounced for group LARGE, where the worst optimality gaps remain below to 3%. On the contrary, if the SSTP dual ascent is skipped, the final gap achieved by the subgradient method lies between 5 and 30% for almost all instances of this group. This significant optimality gap is a direct consequence of low-quality dual solutions, which yield lower bounds far from the optimum. As a consequence, also the upper bounds rarely improve beyond the ones computed by the initial heuristic, further amplifying the difference between the tested settings. When starting from the given dual ascent solution, improvements of lower and upper bounds have usually been observed after few iterations on almost all benchmark instances. Thus these dual multipliers are a good starting point for further improvement.Fig. 8Optimality gap charts for SMALL and LARGE instances with dual ascent initialization of the subgradient algorithm (DL) and without (L) Table 2Effects of variable fixingDatasetDRDLRFixed \[%\]$\documentclass[12pt]{minimal}
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Effects of variable fixing {#Sec15}
--------------------------

In order to quantify the effects and benefits of the variable fixing conditions presented in Sects. [3.1.1](#Sec9){ref-type="sec"} and [3.4](#Sec12){ref-type="sec"}, we first report on the number of variables/edges that can be eliminated due to these tests. Observe that these operations are valid for any given vector of dual multipliers. Since two algorithms have been proposed for deriving strong dual multipliers (namely, the dual ascent and the subgradient procedure), we investigate the effects of variable fixing on the following two settings:DR: This is the proposed SSTP dual ascent algorithm enhanced by variable fixing. This means that only the initialization phase of the proposed framework is executed, i.e., Algorithm 2 is executed up to Step 5.DLR: This is the DL setting from the previous section, enhanced by the variable fixing. In other words, Algorithm 2 is executed up to Step 33, and the refinement phase is omitted.Table [2](#Tab2){ref-type="table"} reports the results of this comparison. Column *fixed*\[%\] lists the average percentage of eliminated variables. In the following, we use $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_2$$\end{document}$ in order to refer to the two types of variable fixing rules introduced in this article: reduced-cost-based fixing (Sect. [3.1.1](#Sec9){ref-type="sec"}) and reduction-test-based fixing (Sect. [3.4](#Sec12){ref-type="sec"}), respectively. Columns $\documentclass[12pt]{minimal}
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                \begin{document}$$f_2$$\end{document}$ \[%\] report the corresponding average percentages of eliminated variables by the respective rules. In addition, we report the average running time and optimality gaps of the two settings.

We observe that already the dual ascent procedure for the SSTP provides very useful primal and dual bounds that allow a sizable portion of variables (up to almost 50%) to be eliminated. The corresponding optimality gaps are within few percent, explaining the effectiveness of $\documentclass[12pt]{minimal}
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                \begin{document}$$f_2$$\end{document}$ are also considerable, as they manage to eliminate up to 15% of all variables. Moreover, on dataset VIENNA these tests manage to even outperform $\documentclass[12pt]{minimal}
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                \begin{document}$$f_1$$\end{document}$. Even in the worst case, already after the initialization phase at least 10% of all variables can be eliminated on average.Fig. 9Optimality gap charts for SMALL and LARGE with (DLR) and without (DL) reduction tests and variable fixing

The effectiveness of the variable fixing is further amplified during the subgradient procedure. Furthermore, the framework manages to decrease the remaining optimality gap to less than 2% on average. The most impressive results are achieved on dataset P100, where on average 82% of all variables are eliminated. Even on dataset LIN01-10, on which the largest average optimality gap remains (1.81%), almost 30% of all variables can be eliminated. Between the initialization and subgradient phase, the amount of variables fixed by $\documentclass[12pt]{minimal}
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                \begin{document}$$f_1$$\end{document}$ is more than doubled in most cases. The only dataset seemingly resistant to the bound-based variable fixing $\documentclass[12pt]{minimal}
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                \begin{document}$$f_1$$\end{document}$ is WRP, on which even after reducing the gap from over 2% to almost 0.3% during the subgradient phase, only few additional variables can be fixed.

Figure [9](#Fig9){ref-type="fig"} demonstrates the influence of the employed variable fixing w.r.t. the overall performance. We compare the optimality gaps at the end of the subgradient procedure without fixing (setting DL described above), and with fixing enabled (setting DLR). The results on SMALL instances show that the proposed tests are effective. The tighter the bounds, the larger the decrease in the optimality gap. More precisely, for about 20% of SMALL instances, the gap without variable fixing is below 0.1%. After including the variable fixing, 40% of SMALL instances can be solved within 0.1% to optimality. On LARGE instances, an improvement can still be observed, but the bounds appear to be not sufficiently tight in order to yield a significant boost of performance. However, even though the effects of the proposed fixing on the subgradient algorithm may appear minor, such eliminations are certainly essential when entering the exact algorithm during the refinement phase.

Effects of the Benders decomposition approach {#Sec16}
---------------------------------------------

Upon the termination of the subgradient phase, our framework enters the refinement phase, in which the Benders decomposition approach is called. We now report on the improvements that are achieved in this final phase. Note that we still only consider the performance of the method in the root node of the B&C tree. We compare the best performing setting so-far (DLR) with the setting in which the Benders decomposition approach is called after the subgradient algorithm (denoted by DLRB$\documentclass[12pt]{minimal}
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                \begin{document}$$_3$$\end{document}$). Figure [10](#Fig10){ref-type="fig"} reports the optimality gaps of the two settings. As expected, an improvement of the computed bounds is achieved. The results are particularly striking for the SMALL instances. On the LARGE instances, the effect is much less pronounced, as these instances appear to be too large to be effectively handled by using an ILP solver.Fig. 10Optimality gap charts for SMALL and LARGE with (DLRB$\documentclass[12pt]{minimal}
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                \begin{document}$$_3$$\end{document}$) and without (DLR) Benders decomposition applied as a refinement procedure

Finally, Fig. [11](#Fig11){ref-type="fig"} shows the average development of the optimality gap relative to running time. The colors and line styles are chosen according to the configurations applied in the previous Sections (see Figs. [8](#Fig8){ref-type="fig"}, [9](#Fig9){ref-type="fig"}, [10](#Fig10){ref-type="fig"}). Note that a time limit of 1 h is applied. If an instance finishes processing the root B&B node early, its final gap is used in the computation of the average gap for subsequent time points. The average gap is only computed at the time instants shown by the dots on each line while linear interpolation is applied in between. On SMALL and LARGE instances, we can observe that the convergence is significantly improved by starting from the solution provided by the SSTP dual ascent procedure. Moreover, one can observe that on the LARGE instances, although the variable fixing finally pays off in the form of a smaller final optimality gap, initially it can be a computational burden if the available bounds are not sufficiently tight. In our implementation, a potential bottleneck is the computation of special distances, which are recomputed from scratch in each check. Thus this effect could be remedied by an improved implementation in which these distances are updated dynamically \[[@CR31]\].Fig. 11Average development of the optimality gap w.r.t. running time

Comparison with the state-of-the-art {#Sec17}
------------------------------------

The results obtained in the previous sections suggest that the combination of our framework's components yields a computational performance which is fairly robust both with respect to small and large-scale instances. In this section, we proceed by comparing the performance of our new method to the state-of-the-art exact algorithm presented in \[[@CR2], [@CR27]\], a Benders decomposition approach based on a two-stage B&C and formulation $\documentclass[12pt]{minimal}
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                \begin{document}$$(\text {SDC}_2)$$\end{document}$. Moreover, the quality of the obtained primal solutions is compared with the heuristic by Hokama et al. \[[@CR19]\], a genetic algorithm introduced during the 11th DIMACS implementation challenge on Steiner trees.

In order to provide a fair comparison, the method from \[[@CR2], [@CR27]\] has been carefully reimplemented. Moreover, the approach has been improved as follows: The strengthening flow-balance inequalities introduced in Sect. [2.2](#Sec5){ref-type="sec"} are separated dynamically, together with the following valid inequalities, which are the counterpart to (SDC~3~:4) for formulation $\documentclass[12pt]{minimal}
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                \begin{document}$$k\in K$$\end{document}$, the cut pool of the corresponding subproblem is initialized using the set of connectivity cuts detected by the dual ascent procedure for the SAP. The resulting algorithmic approach is denoted by B$\documentclass[12pt]{minimal}
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                \begin{document}$$_2$$\end{document}$ are compared with respect to the exact solution of instances, i.e., the ILP solver is not restricted anymore to the root node of the B&C tree as in the previous section.

Figure [12](#Fig12){ref-type="fig"} shows optimality gap charts on instance groups SMALL and LARGE. On the LARGE instances, DLRB$\documentclass[12pt]{minimal}
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                \begin{document}$$_2$$\end{document}$ with respect to the computed optimality gaps. The results on SMALL instances show that DLRB$\documentclass[12pt]{minimal}
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                \begin{document}$$_3$$\end{document}$ manages to obtain significantly smaller gaps in the worst-case (3% instead of 7%). In addition, also more instances can be solved within a gap of 0.1% than with B$\documentclass[12pt]{minimal}
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A more detailed view of these results is given in Tables [3](#Tab3){ref-type="table"}, [4](#Tab4){ref-type="table"}, [5](#Tab5){ref-type="table"} and [6](#Tab6){ref-type="table"}. In each table instances have been aggregated based on \|*K*\|. Moreover, the average quality of primal solutions (columns *Pg* \[%\]) and the average times at which the best solutions have been found (columns $\documentclass[12pt]{minimal}
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                \begin{document}$$t_b$$\end{document}$ \[s\]) are reported. The results of the heuristic by Hokama et al. \[[@CR19]\] are denoted by H. Their results have been computed on an Intel Xeon CPU E3-1230 V2, (3.30 GHz), implemented in C$\documentclass[12pt]{minimal}
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                \begin{document}$$++$$\end{document}$, and run for a time limit of 1 h. The CPU is thus slightly faster than the one used for testing our own implementations.

Table [3](#Tab3){ref-type="table"} summarizes results on dataset K100 and P100. Both DLRB$\documentclass[12pt]{minimal}
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Table [4](#Tab4){ref-type="table"} summarizes the results on dataset LIN01-10 and WRP. We observe that on LIN01-10, DLRB$\documentclass[12pt]{minimal}
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Table [6](#Tab6){ref-type="table"} reports results on dataset VIENNA. As this large-scale dataset has been newly introduced in this article with the aim of further testing the limits of our methods, unfortunately no results for the heuristic by Hokama et al. are available. We can observe that indeed, these instances are more challenging than the previously existing datasets, as no instance could be solved to optimality by any of the tested methods. The obtained results show that on average DLRB$\documentclass[12pt]{minimal}
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The obtained results show that average gaps at the root node are significantly lower for the formulation $\documentclass[12pt]{minimal}
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Conclusions {#Sec18}
===========

In this article several new computational techniques for the exact and heuristic solution of the stochastic Steiner tree problem are studied. These techniques are formulated in terms of a new ILP model that is shown to be the strongest among known formulation. In the course of this study, also the previously strongest known formulation has been improved by a new class of strengthening inequalities. But perhaps most importantly, our new model enables an elegant transfer of methods known to be successful for the Steiner tree problem.

On this basis, an algorithmic framework has been designed which combines the benefits of three complementary procedures for computing lower bounds: a fast dual ascent procedure, a Lagrangian heuristic, and a Benders decomposition approach. The interaction between these methods is facilitated via an intelligent propagation of primal and dual solutions. Furthermore, these solutions are exploited in order to considerably reduce the search space via variable fixing, in which both the availability of tight bounds and problem-specific knowledge is exploited simultaneously.

An extensive computational study shows that our approach significantly outperforms state-of-the-art methods in almost all cases. The techniques presented in this work combine complementary strengths, and thus provide a rich foundation for the design of effective algorithms that perform well on a broad range of instances types. Most importantly, problem instances which can be considered as large-scale with respect to different types of properties, like the size of the instance graph or the number of scenarios, can be tackled effectively by these methods.

Open access funding provided by Austrian Science Fund (FWF). M. Leitner and I. Ljubić have been supported by the Vienna Science and Technology Fund (WWTF) through project ICT15-014. M. Sinnl was supported by the Austrian Research Fund (FWF, Project P 26755-N19). M. Luipersbeck acknowledges the support of the University of Vienna through the uni:docs fellowship programme.
